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PART ONE

An Introduction to

sub - Riemannian geometry



②

The many faces of Sub -Riemannian Geometry

Carnot - Charotiodory geometry
(GROMOV

,
1981)

singular Riemannian geometry
(BROCKETS

,
1981)

Sub -Riemannian geometry
(STRICHARTZ

,
1986 )

*

{Von - holonomic geometry
FROM MECHANICS)

qub-elliptic geometry
FROM PDEs)

And possibly evenmore . . .

*

Strickarts
,
Sub-Riemannian geometry , I.Diff . Geom .

24C2) 1986 + ERRATA 30123 1989



RECOMMENDED READINGS ( PDFs AVAILABLE FROM Authors'WEBPAGES IN MOSTCASES ! )

* R
. Montgomery . A tour of sub - Riemannian geometries, their geodesics and

applications . AMS (2002)

* L . Riffed .

Sub - Riemannian Geometry & Optimal transport . SpringerBriefs Gelli)

* F. Jean .
Control of non -holonomic systems : from sub-Riemannian

geometry to motion planning . SpringerBriefs Calle)

* E
.

LeDonne
.
lecture notes on sub -Riemannian geometry . Unpublished

,
PDF

areiheble at enrico . Ledonne . googlepages . com Gott)

* A
.

Agrachev, D. Beriberi, U .
Boscoin . A comprehensive introduction to sub-Riemannian

geometry . WPC20193

*Video courses from GRM Summer School & IHP Trimester folk)
• www.anap . polytechnique .fr/subriemennion/cirm
• www.anap . polytechnique .fr/nsubriemennien



OUTLINE OF PART I

• FROM THE FONDATION of CARTAGO TO SUB-RIEMANNIAN GEODESICS
.

A PROTOTYPICAL EXAMPLE

• SUB -RIEMANNIAN STRUCTURES 101

• GEOMETRY MEETS OPTIMAL CONTROL
.

INTO THE DUNGEON of SUB - RIEMANNIAN GEODESICS



②

Mythological origins : Dido problem
legend

*

says that Dido arrived in 814 BC on
the coast of Tunisia and asked for a piece

¥÷÷÷÷÷÷÷:÷÷÷÷÷
.

.

hmm

* Virgil , The Aeneid



②

Mythological origins : Dido problem
legend

*

says that Dido arrived in 814 BC on

the:St.es?gi:i:.;d;:d.n:a::a 4mF
granted her request with as much coastline 0

loud as she could enclose with a bull 's hide .

Damiduuseatitheohideniinhegneonwiatin strip ①
-

This became Chartage and Dido its Queen !-.
But a true mathematical solution had to wait the 19

th

century !

* Virgil , The Aeneid



③

Mythological origins : Dido problem
legend says that Dido arrived in 814 Be on g : Knebel
the coast of Tunisia and asked for a piece
of loud to buy .

The king of North Africa

granted
.
Yi: ionium

.
.sn?mILTeYnim

.①L : Mediterranean coastline
• o

l : bull's hide ( e string of fixed taught) L

Fix l AT THE ENDPOINTS of L
,
THEN MOVE

THE ROPE . You WANT TO FIND the strapE FOR
THE CURVE J THAT ENCLOSES THE LARGEST AREA
OVER L .



③

Mythological origins : Dido problem
Fix the ace Alt) of R . gas -- (xltt, yet' )

Eiwndgsxhoeortenste !" enclosing a region with

Reach :

hen (8) =/ fi¥jI, at ←

WE WOULD LIKE
#

TO MINIMIZE THIS L

# (r) = {dxndy ← KEEPING THIS FIXED



③

Mythological origins : Dido problem
Fix the ace Alt) of h . gas -- ( x Itt, yet' )

Eiwndgsxhofetenste !" enclosing a region with

Recall :

bench -- fright at ← FEnY%YZ¥7Eis
-

L

# (R) = {dxndy ← KEEPING THIS FIXED

=L { d. ( x dy - ydx) = { I lxdy - ydx)



④

Dido meets Analysis on Manifolds

lift 84122 to folk
'

by z

"

Y

T
> y"" '→ *⇒at ÷ii÷:

""

r

r



④

Dido meets Analysis on Manifolds

lift 84122 to folk
'

by z

"

filthyHI ,Htt)

t: '→ i :( I.⇒a, )
. .

in
•

since z :#on.gz*→,
""!

x

T satisfies a non - holonomic constraint

Elt) =L ( x a) ight - yet) ice) )



④

Dido meets Analysis on Manifolds ( non - holonomic ? )

lift 84122 to folks by z

"

filthyHI ,Htt)

t: '→ i :( I.⇒a, )
. .

in
•

⇒ nsaaskestmnono.no#n.o.nm.c ÷÷,¥¥i÷"!
r

w (f) = o

w:=dz - { (x dy -ydx)



④

Dido meets Analysis on Manifolds ( non - holonomic ! )

lift 84122 to folk
'

by z

"

filthyHI ,Htt)

" ft '→ i :( I.am/ . .
in
.

⇒ nsaaskestmnoz.no#n.:m.c ÷÷¥;"""!
x

-

the subspace of
w (f) = 0 ADMISSIBLE ¥erqaiEs !
w:=dz - tzlxdy -Ydx) That is

,
there is ea¥nt on what

areodwis¥ofmovement



④

Dido meets Analysis on Manifolds

lift 84122 to folk
'

by E-Acr) Z

"

Kittyyet) ,Htt)
⇒ r satisfies the nono-nhgf.gg?nmfic µ .

.
.
.

.
.

.

-

- si
-

T
-

-
*

w (f) = O w:=dz - { (x dy -ydx) y. - -
- - - . . . . . - .

.
.

⇒ Dido problem .
.am.nu emotion

""!
r

Find T :[ o
,
1)→R' such that

• w (7) = 0
,

• f (o) = (o
,0,0)

,
T (1) = (X

, ,
Yi

,
7
, )

• bulb is minimal )



④

Dido meets Analysis on Manifolds

lift 84122 to fete by E-Acr) Z

"

filthyHI ,Htt)
⇒ r satisfies the nono-nhghf.ge?nmfic µ .

.
.
.

.
.

.

-

- si
- F

-
*

w (f) = o w:=dz - { (x dy -ydx) y. - -
- - - . . . . . - .

.

⇒ oiioprouem.uerneue.muw.im ÷÷÷!÷""!×

Find T :[ o
,
1)→R' such that

• w (E) = 0
,

:b'%÷::3:L
' mafia
[

The end of the coastline)
segment



④

Dido meets Analysis on Manifolds

lift 84122 to folk
'

by E-Acr) Z

"

filthyHI ,Htt)
⇒ IT satisfies the non - holonomic -

p
-

-
*

constraint
.
.
.
.
.

-
-

-

-

- it
2- I

w (f) = o w:=dz - { (x dy -ydx) y. - -
- - - . . . . . - .

.

⇒ oiiopronem .
..name emotion

'

r

Find T :[ o
,
1)→R' such that

• w (7) =D
,

• f (o) = (o
,0,0)

,
T (1) = (X

, ,
Yi

,
7
, )

④ismim.me/haiYfFFrEtEeidt
O



④

Dido meets Analysis on Manifolds z

-

Kittyyet) ,Htt)
lift 84122 to folk

'

by E-Air) -•

⇒ p go.fi#esfhenon.ho6nom, a. /. . . . . . . -

-

- ii
- F

-

constraint Y, -- --
- - - - - . . . - -

.
.

wcr-i-oae.dz - Eady -ydx)
"""!

r

⇒ Dido problem ,
alternative §¥ntmIt space
-

Find T :[ o
,
1)→ 1123 such that \ Model of sub -Riemannian

• w (7) = 0
,

← Constraints on Tite#merrit)
• f (o) = (o

,0,0)
,
T (1) = (X

, ,
Yi

,
7
, A notion of length thot

r plays nice win the constraints

• buff ) - f fifty dt is minimal
O
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.
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• SUB -RIEMANNIAN STRUCTURES 101
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INTO THE DUNGEON of SUB - RIEMANNIAN GEODESICS



⑤

Sub-Riemannian manifolds
,
at last

A sub -Riemannian manifold is a triple ( M ,
D

, g)

• M is a smooth manifold

• Dc TM is a vector distribution
•

g is a Riemannian metric onD



⑤

Sub-Riemannian manifolds
,
at last

A sub -Riemannian manifold is a triple ( M ,
D

, g)
Disastrous

• M is a smooth manifold a- M -- 1133

• Dc TM is a vector distribution a- D= Ker ow) CTR
's

•

g is a Riemannian metric onD-
g
-
- dxztdgz



🙇
⑤

Sub-Riemannian manifolds
,
at last

A sub -Riemannian manifold is a triple ( M ,
D

, g)
Disastrous

• M is a smooth manifold a- M -- 1133

• Dc TM is a vector distribution a- D= kercwjc-11123
•

g is a Riemannian metric onD-
g
-
- dxztdgz

¥iT
-

curve
: 8£10

,
I ]→M such that JeDoe, o- these are the

"

lifts
"

f

⇒ length
'

H'""gdt#iffy at



⑤

Sub-Riemannian manifolds
,
at last

A sub -Riemannian manifold is a triple ( M ,
D

, g)
Disastrous

• M is a smooth manifold o- M -- 1133

• Dc TM is a vector distribution a- D= Ker ow) 511123
•

g is a Riemannian metric onD-
g
-
- dxztdyz

In the sub Riemannian would it is common to work in terms of a toad
basis of vector fields for the distribution :

D = Spon f Xi , . . .

,
Xk } c TM - K - tecop , THE DIMENSION

OF THE BASIS IS THE RANK
OF THE DISTRIBUTION .

Hq C- M Da -

-

span { X. 4 , - -
-

,
Xu la 3 CTM



⑤

Sub-Riemannian manifolds

A sub -Riemannian manifold is a triple ( M ,
D

, g)
Disastrous

• M is a smooth manifold a- M -- 1133

• Dc TM is a vector distribution a- D= kercwjc-11123
•

g is a Riemannian metric onD-
g
-
- dxztdyz

D - Spon { Xe ,
. . .

,
Xu }cTM- E- Ex - IT!

Xz
-

- Ey thx #



⑤

Sub-Riemannian manifolds

A sub -Riemannian manifold is a triple
in Disastrous

ES
• M is a smooth manifold M -- 1133

• Dc TM is a vector distr" -

- Ker ow) c-11123

µw
,
we
know

THE
^^"
"
"

•

g is a Riemannian .o⇒÷÷÷÷*i÷÷÷÷'

€+15
' Xz = Fy + Ix Zz



Existence of admissible lenght minimising curves
⑥

E- Ex - ty# IX.
,
Xz ] = Zz AD

⇒

Xz
-

- Ey t Ix Zz [ Xn
, Zz ] = [ Xz , Zz ] = 0

Back to Dido
,

how can we see if our

geometric construction makes sense ?

¥
Dg ,



⑥
Existence of admissible lenght minimising curves
-

XE # - Lyfe Ha
,
Xz ] = Zz AD This is crucial !

⇒
If [D.DIED,

I him:c!by integral
-

submanifolds .

T.spenfxr.xz.txn.nl/=TMW
µ

This is for a
1 different bears↳ jhnetihednesbtet

Figures : Wikimedia fuudetiom



⑥
Existence of admissible lenght minimising curves

H-ormandercondition~t-sc.INsuch that

span { [ Xi , , [ Xiz , - . -

,
[ Xin

. . , Xim ] . . . ))glumes } =TgM tqEM\ ⇒ SD.is?op?Y-ckEEpaoEfNEa.m-f?.Ngu+!orn6MPu-TEN NON- WEGRABEI Non - Holonomic)
-



⑥
Existence of admissible lenght minimising curves
Hormanderonditio D= span {Xi , - - - , Xu }

Span { [ Xi , ,[ Xia , - - -

,
[ Xin

, ,Xim ] . . . )), }=TgM Vigen
FROM NOW ON IS

ASSUMED TO BE

BRACKET GENERATING

' 38

s÷÷÷÷÷÷÷÷÷÷÷:i:::i::i



⑦

Examples ( Unicycle)

-x#threeveriehhsgF.gg/go
'

. exist EIR
'

position
-

. O orientation of the wheel
Cx
, y )

⇒ M -- Bix $

Possible motions
-

• FORWARD (BACKWARD) MOTION

.sn;÷÷w:S : : nozfasransx.is



⑦

Examples ( unicycle)

-x#threeveriehhsgF.mg/go
'

. exist EIR
'

position
-

. O orientation of the wheel
Cx
, y )

⇒ M -- IR
-

x$
'

Possibhemotions CTM
• FORWARD (BACKWARD) MOTION

.s¥÷÷:
no. Hi::

""

[X ,Y]= - Sino2×+6502y = : Z

'

. ⇒
"

ORTHOGONAL
"

MOTION POSSIBLE

AND span { XM ,
Exit ] }=TM !



Existence of admissible lenght minimising curves

Chow - Rasherski
-

.:÷:::÷:i÷÷÷:::::i::::I
keyideeinpaf

L l
l l N

You can achieve non - horizontal directions - ty

by means of commutators
- ty - tx TY tx t

but :O:
"

÷÷÷¥:÷÷:÷÷÷÷÷÷
.

i¥÷:÷÷
"""



⑦
Sub -Riemannian metric

ds
, lay ) : =

infflenl87I8odmissible.8lot-x@ylgr.y)
It:test: showing.sn#saki

's

se
exist !

Figures :
[Bos coin ,Proud;
Seri)



⑦
Sub -Riemannian metric ( or Carnot - Carethe-odoig distance)

dsr (x , y ) : = in f { ten (8) I 8 admissible , 8 lol -- x ,
8th -- y }

By Chow - Rasherski one can also show

° (M ,
dsn) has the same topology as M

• dsr : Mx M → IR is finite and continuous

⇒ we found a well - defined new metric !



 

⑧

Examples (Dio )
Heisenberg group Als

M -- Dh
' D=spen{ 2x -Z2z,2ytxz2z} -- span {3,2×+222}

Unit sphere for HIS Heisenberg distribution
[ Agrecher ,

Beriberi
,
Boscoin]

[Wikimedia foundation]



 

⑧

Examples (Dio )
Heisenberg group Als

M -- IR
'

D= span { 2x -I 2z , 2g +I 2z} -- span { 2x , Try -1×22-3
g
-

- dxztdyz

I was.ci::¥¥Ii .
Unit sphere for HP
[ Agreeher ,

Beri Lori
,
Boscoin]



⑧

Flags and dimensions ( A brief technical parenthesis)
canonical flag of a distributionD of steps is filtration

{ 03 = Dog C Doi C - - - CD} C - - - c Dsg = Tqm
11

"

⇒ Growth vector KD (g) = ( dimDj
,
.
.
.

,
dim Dgs

'd

)
of j lie brackets

If KD Cq) = KD constant ⇒ D is celled EQUIREGULAR

DIDO : Do = { 03
,

D
'
= Spen { 2x

, 2ytx2z } , D
'

= TM

KDCg) = ( 2 ,
3) constant



Flags and dimensions ( more buzzwords for experts)

FILTRATION { 03 = Dog C Doi C - - - CD} C - - - C Dsg = Tqm

÷

No araoation but well defined graded vector space ( nilpotentiation ofD)
s

←
D EQUIREGULAR

grg (D)
-
- Doi ④DID; ④ -

- -⑦D%sf ' ⇒ Homogeneous stratified
Lie algebra whose lie

DIDO : D
'
- Spon { 2x

, 2y+×2z } group is called Carnot
'

groupD%g=span{2z3
-

⇒ HP is left - invariant sub - Riemannian structure on 6=1123
with product

← Step 2

( x
,
Y
,
t) ① ( x

'

, y
'

,
t
'

) ÷ (xxx '

,
yty

'

,
2- t 't 't I Cxy ' - x' y )) §fnft①



Flags and dimensions

FILTRATION 903 = Dog C ?of C - - - C D} C - - - c Dsg"
'
= Tqm

Dq

No artisan
'

on but well defined graded vector space

grg (D)
=D: ④D:/Dig ⑦ -

- -⑦Dm%mj '
⇒ Privikgedlcanonicdlcoordinotes.itD equi regular ⇒ smooth system of privileged coordinates

• in general existence of continuous system of coordinates
around a singular point is not guaranteed



Examples
① Contact structures ② Quasi - contact structures

M dim 2n -11 M dim 2n -12

D=kerldz -ydx) D -

-

span { 2g ; ,2xityi2z,2w }
= Span { dye ,

2x; t y; Lz } STEP 2 EQUIREGULAR

STEP 2 EQUIREGULAR

③ Grushin phone ④ Engel structure

M (din 2)
M dim 4

D= Spon { 2x , x2y } D - Spen { ax , 2ytx2z + 2- do}
STEP 2 NOT EQUIREGULAR STEP 3 EQUI REGULAR

⑤ Martinet structure ⑥ l ? ? ? )

M dim 3 M dim3

D= Ker (da - y2dx) D= Spong 2x , dy -1×2-22-3
= Spen { 2g , 2x ty2§Z } z=o ⇒ Not BRACKET GENERATING

STEP 3 EQUIREGULAR



 

Topology of balls

o.O

HEISENBERG BALL

BALL ON THE SR MARTINET BALL
PROBLEM ON THE
LIE GROUP SH (2) FAgrachehet.ec . 19973

[ Butt etat
.

2014]

Sub -Riemannian bells are
Bech :- { xemldsrcx.de r }

clearly weird ! Secr) # 2.
op
Bdr)



 

Topology of balls (OPEN PROBEM)

HEISENBERG BALL

BALL ON THE SR MARTINET BALL
PROBLEM ON THE
LIE GROUP SH (2)

[Agreeheh et -

et . 19973

[ Butt etat
.

2014]

ARE SMALL SR BALLS
HOMEOMORPHIC TO A.IN#tkqwel .
EUCLIDEAN BALLS ?

[Baryshnikov
,
GAFA

,
2000] Yes for

step 2 and for Carnot groups
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Sub - Riemannian Geodesics

Let's fix a sub -Riemannian manifold (MD .g) .
Let x

,y
EM

.

A GEODESIC is on admissible curve 8 : to
,
D→M

,
with

Hok x and gut -- y , which minimises the length functional

long (8) = of 'll HH Hgdt
Equivalently , 8 minimises the energyfunctiouol If 8) - f'll 8h11'dt
(modulo time reporometrisetion)



Sub - Riemannian Geodesics

Let's fix a sub -Riemannian manifold (MD .g) .
Let x.y EM .

A GEODESIC is on admissible curve 8 : to
,
D→M

,
with

Hok x and gut -- y , which minimises

long (8) = ! 'll jltlllgdt equiv Tgc87=11814112dt

Riemannian geometry
• Dj 8=0 •Hamiltonionformubtion:Hep,qs=IgGPpapr| . Euler-Lagrange equations no Unique parametrization by initial speed
-



Sub - Riemannian Geodesics

Let's fix a sub -Riemannian manifold (MD .g) .
Let x.y EM .

A GEODESIC is on admissible curve 8 :[O ,
D→M

,
with

Hok x and 841 -- y , which minimises

long (8) = ! 'll jltlllgdt equiv Tgc87=11814112dt
Non holonomic nature of the problem

Riemannian geometry

#i•Djj-0.Hamiltonionformubtion.Hcp.gg#| . Euler-Lagrange equations no Unique parametrization by initial speed
-



Sub - Riemannian Geodesics - Optimal control to the rescue

ASSUMPTION D= span { Xi , . . .,Xk} GLOBAL orthonormal frame

A- curve 8 is HORIZONTAL CADMISSIBVE) if there exist uetfoiy.IR)
solving the Cauchy problem -CONTROL

Jlt) =F Unit) Xi (8th)



Sub - Riemannian Geodesics - Optimal control to the rescue

ASSUMPTIOND=span{Xr,.-,Xk}GLoBALorthonermelfron

A curve 8 is HORIZONTAL CADMISSIBVE) if there exist u E Eto ,DilR )
solving the Cauchy problem -CONTROL
Jlt) = II. Unit) Xi (8th)

,
8101=2
=



Sub - Riemannian Geodesics - Optimal control to the rescue

ASSUMPTIOND=span{Xr,..,Xk}GLoBALorthonermelfron

A curve 8 is HORIZONTAL CADMISSIBVE) if there exist uetfoiy.IR)
solving the Cauchy problem -CONTROL
Jlt) - II. Unit) Xi (8th)

,
810 ) - se ←/YE'If*jnEI=

⇒

END-POINTMAP-ex.iieoumiitE.nu. us

is Smooth and OPEN .

Hill M if 'm,



Sub - Riemannian Geodesics - Optimal control to the rescue
← locally always
p possible

ASSUMPTIOND=span{Xe,..,Xk}GLoBALorthonormelfrer

Horizontal curve Ju solves Cauchy problem

8ft) = Ia Unit) Xi Hula) , 8101=4 a E Eko ,Dik)
u

End - point map Ex ( u) : = full )

⇒ GEODESIC PROBLEM minJ (8) = min of
"

118112g dt , 8101 -- k
Hh -- y



Sub - Riemannian Geodesics - Optimal control to the rescue
← locally always
p possible

ASSUMPTIOND=span{Xi,..,Xk}GLoBALorthonormelfrer

Horizontal curve Ju solves Cauchy problem

8ft) = II. Unit) Xi Hu IH) , 8101=4 a E Eko ,Dik)
u

End - point map Ex ( u) : = full )

⇒ GEODESIC PROBLEM minJ (8)
f-
min !

"

" 8112g dt , Y%f
- r
= min !

"

II Eui Xi 181112g dt = min !
"

Hutt III' It
,
Ex Cut) - y

= :min Jai) mw9NnEFfFEhem



Sub - Riemannian Geodesics - Lagrange multipliers
GOAL finds minimizer of Tcu) :-1 'll uctlltdt , UEFI

'

Cy )

IDEA use Lagrange multipliers (Ln)

PROBLEM LM is fine if y is REGULAR VAWE of Ex , that is,
if Du Ex SURJECTIVE



Sub - Riemannian Geodesics - Lagrange multipliers
GOAL finds minimizer of Tcu) :

'

lluctlltdt
,
UEFI

'

Cy )

IDEA use Lagrange multipliers (Ln)

PROBLEM LM is fine if y is REGULAR VAWE of Ex , that is,
if Du Ex SURJECTIVE

NECESSARYlf8uminimioerff
CONDITION ⇒ Ft c-Ty'M, Xe{0,13 sit.
FOR MINIMALITYXDuJ-dDuE|



Sub - Riemannian Geodesics - Lagrange multipliers
GOAL finds minimizer of Tcu) :

'

HuettlPdt
,
UEFI

'

Cy )

IDEA use Lagrange multipliers (Ln)

PROBLEM LM is fine if y is REGULAR VAWE of Ex , that is,
if Du Ex SURJECTIVE

Eo%s¥¥¥¥F¥FnY¥÷µ
""

'¥¥n
/

X -O : d.Du -6=0
FOR MINIMALITY

XDUJ - d.Du Ex =D ABNORMAL
- CASE

× ( X
,
X) NOT UNIQUE : a minimiser can be Both

normal AND abnormal



Normal minimizer extremals

Thanks to Lagrange Multipliers, a
M

normal extremal is the projection Itn
ITCH of a solution Htt of the

SUB- RIEMANNIAN HAMILTONIAN

H :t*M→R
M

Hcp , LEE
,
lpoxila))

'

feisty go.in#*mextnemae



Normal minimizer extremals

Thanks to Lagrange Multipliers, a
M

normal extremal is the projection Itn
ITCH of a solution Htt of the

SUB- RIEMANNIAN HAMILTONIAN

H : t*M→ R
M

H (p , x) :=L ¥7 ( p -Xi la))
"

X is the normal extremal
lift of z inT

*M

True definition n
. for x EM,

ft¥n*÷m⇒..*÷IXu = IFI - If I ⇒ r smooth
-



Normal minimizer externals

A- normal extremal (NEI is projection /ITCH of a solution Htt of the T*M

t.E.icp.x.ae,.
SUB- RIEMANNIAN HAMILTONIAN

#t¥
Hcp ,x)=

• On fiber TIM M

Hcp ,x) =L Egiilxspipj
however His degenerate
Dido Hep ,×I=Ep; + 'zpz Grush in (MARY

Cp ,xsEtR3xR3 Hcpixktzpitzxpz



Normal minimises extremals

A normal extremal (NEI is projection /ITH) of a solution Htt of the T*M

{ Ei cp.xic.pe
SUB- RIEMANNIAN HAMILTONIAN 1-

I 4Th : T'M→M
H (pp) =

• on fiber TIM M

Hcp ,
x) =L Egiilxspipj

however His degenerate

• NES are/
LOCAL MINI MILERS
- determined by initial CoVECTOR X. ETTY



Abnormal externals

An abnormal extremal is a curve ya suck that

t - Du Ex = O TE TIM' 903 (⇒ u e crit CEx) )

In Riemannian case Du Ex Alway surjective ( Ex submersion)
⇒ ABNORMALS CANNOT EXIST



Abnormal externals

An abnormal extremal is a curve ya suck that

t - Du Ex = O TE TIM- 903 (⇒ uecritcex) )

Q : How big is Ex ( critCEH) ?
Zure? Empty interior ?
SR-

yard conjecture

#eSarogfeck( N
"

,
Mm ) ⇒ if k> maxfn-met , I }

then fccritlfl) has|meesurOinM#



Abnormal externals

An abnormal extremal is a curve ya suck that

X -DuE× =D XETJTM- 903 (⇒ uecritttx) )

Q : How big is Exlcritttxl) ? A. Mostly open . Recent advances :
Zure? Empty interior ? . Le Donne

, Montgomery, Otani,
SR-Sard conjecture Pansu

, Vittore (201,53
. Belsito

,
Difford 2018

* Bebltgfigeli , Parusinski, Difford
(preprint)



Abnormal externals ( EXAMPLE)
Xz

±-
M --1123

,

D= Ker ( dz - I'dx ) -- span { 2g , 2x t Etz }2 2

⇒ singular set Z -- { f- O } - det (Xi
,
Xz
,
Ex , ,
xd ) -- O

MARTINET SURFACE

⇒ 8ft) = (It , 0,0 ) ABNORMAL EXTREMAL



Abnormal externals ( EXAMPLE)
#

M --1123
,

D= kerldz - E'dx ) -- span { Eg 25%3 / !÷p:{Imeem.⇒ singular set Z -- { f- O } - det (Xi
,
Xz
,
Exa ,
xd ) -- O levity of

MARTINET SURFACE oknormals|.gg#..ye,o,,ap,w.nma,,,,rqmy;onzgqggq.ge,
Turns out that 8

• minimizer regardless of the metric ← ThiefFEEL

.
C

'
- isolated

among horizontal curves

"

As far as I know
"

the¥¥¥aup#
but it is not known if they hold in general



Abnormal externals

Very little is known on ABNORMALS
Q : Are ALL sub-Riemannian minimizer smooth?

A : Some partial results :
• Montgomery 1991 : I strictly abnormal minimiters (smooth )

F non- smooth abnormal extremes (minimiters? )
• Chi four , Jean Frett 2006 : true if step ⇐ 2

, generic if rank >3

. Beriberi
,
Chitour

,
Leon

,
Prondi

, SigloHi 2018 : all minimizer for ranks 4
and step 2 ore C '

. Hakoneuri - Le Donne 2016 : length - minimizer do not have corner-
type singularities



RECOMMENDED READINGS (REPRISE)

The following were on my desk when I prepared these slides :

* L . Riffed .

Sub - Riemannian Geometry & Optimal transport . SpringerBriefs Gelli)

* E
.

LeDonne
.
lecture notes on sub -Riemannian geometry . Unpublished

,
PDE

arai leble at enrico . Ledonne . googlepages . com Gott)

* A
.

Agreater, D .
Beriberi

,
U

.
Boscoin . A comprehensive introduction to sub-Riemannian

geometry . WPC20193

*A.Agreohev.someopeuproblems.ca#

I



PART II

sub - Laplacians & some
problems in spectral geometry



RECOMMENDED LITERATURE

Spectral Geometry : the spectral geometry in the clouds seminar, born
with the pandemic, did the job for me

REFERENCES tinyurl.com/yxlgf497 Call freely accessible)
OPEN PROBLEMS tinyurl.com/y5cbz8go

Spectral sub - Riemannian Geometry Ismakepartial account of recent development)
± Bosco in

,

Laurent
.

Ann
.

Inst
.

Fourier (Grenoble) 6312013)
a Prondi

,
Rizzi

,

Seri
.

Journal of spectral Theory 8141 (2018)
a
-

,
-

,
- .

3 . Diff . Geom
.
2214) (20191

a.
Chi tour

,
Proud,i , Rizzi . Preprint hel - 01902740 (2019)

Colin de Verdier
,

Hilbert
,
treat

. Preprint hat- 02535865 thou) ¥7'EaF7¥
UNDER GO INa

• N
.

Savell
. Preprint arXiv : 1909.00409 PREPARATION

• C
.

Fermanion - Kemmerer
,
V. Fischer . Preprint or Xiv : 1910.14486
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SPECTRAL GEOMETRY IN PILLS

YL 1911 """ """ "

m
OTHERS . . .H

. W↳¥swpm⇒
-by = dy in{
ybi-o.me#EmEEorwFEhvR0N

MENT

Image courtesy of Constanta Rojas -Molina

http://crojasmolina.com



SPECTRAL GEOMETRY IN PILLS

H
.
WEIL 1911 IF'h¥¥"!

-by -14 in{ nwo
• countably many solutions

t
.
> X
.
> X
.
>* too

• NCD = # { ie M l tic b)

Image courtesy of Constanta Rojas -Molina
= if - x + off)

http://crojasmolina.com



SPECTRAL GEOMETRY IN PILLS

(M
, Mg) GEOMETRY

OF A MANIFOLD

↳
SPECTRUM OF LAPLACE -

BELTRAMI OPERATOR

Image courtesy of Constanta Rojas -Molina
Ag = diving ° Dg on GTM)

with boundary conditions on 2M



SOME QUESTIONS AND SOME ANSWERS

* M
,
M '

ISOMETRIC ⇒ M
,
M '

IsoSPECTRAL
.

IS THE OPPOSITE TRUE ?
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SOME QUESTIONS AND SOME ANSWERS

* M
,
M ' ISOMETRIC ⇒ M

,
M '

IsoSPECTRAL
.

IS THE OPPOSITE TRUE ? NO

ET ¥:: ::: In
. .

* WHAT CAN WE DEDUCE FROM THE SPECTRUM ?



SOME QUESTIONS AND SOME ANSWERS

* M
,
M ' ISOMETRIC ⇒ M

,
M '

IsoSPECTRAL
.

IS THE OPPOSITE TRUE ? NO

ET ¥::*:: EE..

* WHAT CAN WE DEDUCE FROM THE SPECTRUM ?

- DIMENSION of M

- VOLUME OF M

• INTEGRAL OF THE SCALAR CURVATURE Sg OVER M

. (Mf'S.hr?oFIDM0Nth) LENGTH OF 2M, GENUS OF M, ¥¥oa;Ef, EF off



SOME QUESTIONS AND SOME ANSWERS

* M
,
M ' ISOMETRIC ⇒ M

,
M '

IsoSPECTRAL
.

IS THE OPPOSITE TRUE ? NO

EI ¥::*:: EE..

* WHAT CAN WE DEDUCE FROM THE SPECTRUM ?

- DIMENSION of M WewihGmebecktothiT#
- VOLUME OF M

• INTEGRAL OF THE SCALAR CURVATURE Sg OVER M

• (MfYfoFID '" ONth) LENGTH OF 2M, GENUS of M, LENGTH OF CLOSEDGEODESICS ON U



SOME QUESTIONS AND SOME ANSWERS

* CAN WE FINELY LOCATE THE SPECTRUM USING GEOMETRIC INFORMATION ?



SOME QUESTIONS AND SOME ANSWERS

* CAN WE FINELY LOCATE THE SPECTRUM USING GEOMETRIC INFORMATION ?

KIND OF
. . . SPECTRAL INEQUALITIES & MINIMISING MANIFOLDS

HAVE BEEN THOROUGHLY DEVELOPED BUT STILL

PLENTY OF OPEN QUESTIONS

JUST AN EXAM-

M non compact
,

n > 2
,
M has finite volume .

÷÷÷÷÷:÷÷.i:÷:÷I
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HYPO ELLIPTIC OPERATORS IN IR
"

Second order linear differential operator on functions on R
"

L =
,

a isCx) f÷z×j t ¥
,

bi CD¥.

t CK)

where a ij ,
bi

,
c E C-CIR

"

,
IR)

.

L hypoelliptic if
, locally, forall distributions u, Lue C

'

implies ue



HYPO ELLIPTIC OPERATORS IN IR
"

Second order linear differential operator on functions on R
"

L =
,

aiscx) I÷z×j t ¥
,

bic⇒ 2¥. tax)
where aij ,

bi
,
c E CTIRYIR)

.

1- hypoelliptic if
, locally, forall distributions u, Lue C

'

implies we

⇒ CHERmender ' 671 I aijcxgigjzo for ell GEIR
"

-

-Principal Symbol g~Ncouldbezn.ly/
⇒ Harmander- type operators L -- E.Xi + ×. + e

-



HYPO ELLIPTIC OPERATORS IN IR
"

second order linear differential operator on functions on R
"

L =
,

aiscx) f÷z×j t
,

bi w 2¥.

t CK)

where aij ,
bi

,
c E CTIRYIR)

.

1- hypoelliptic if
, locally, forall distributions u, Lue C

'

implies we

⇒ CHERmender ' 671 I aijcxgigjzo for ell GEIR
"

⇒ Harmander- type operators L -- II.Xi + x. + e
THM Hsrmender 1671 {x. , . . . , xn} bracket generating ⇒ L hypoelliptic
-

Lie
,
{ Xo

,
. . .

, Xp3=112
"

for allXEIR
"



LAPLACE - BELTRAMI OPERATOR ON RIEMANNIAN MANIFOLDS

(Mig) Riemannian manifold of dimension n

→

peg
-fdotgdxh . . -

ndxn (Riemannian volume)

D such that golf , X) = Xcf) (gradient)
→ dive CX ) q ¥. Fg Xn ( divergence)
-

dxpe-ldivxlkixgeins.Irretetfwmme.se:¥¥t.
with the vector field

-is Laplace - Beltrami A :=divµD = ,¥gF*(rdetggii 2¥



LAPLACE - BELTRAMI OPERATOR ON RIEMANNIAN MANIFOLDS

(Mig) Riemannian manifold of dimension n

→

peg
-fdotgdxh . . -

ndxn (Riemannian volume)

D such that golf , X) = Xcf) (gradient) .

→ dive CX ) such that type -- (DivX) µ ( divergence
]

-is Laplace - Beltrami A : - dive D

! DETERMINED BY THE METRIC -0 pYff£Eo9fpERYf°FffY%
×

T.subw-zeemmnimy.in(Mpeg) : g defined onDCTM hes not
canonical extension toTM .



SUB- RIEMANNIAN VOLUMES

, Hausdorff volume HQ
a

FETTLE:L'
⑦ (M

,
die ) metric space I.

sphere
-

we theusdorffuoueme S if 'IYEeTE'need)



SUB- RIEMANNIAN VOLUMES

⑦ (M
,
dsx ) metric space

→
Hausdorff volume H

.

→ Spherical Hausdorff volume Sd

② PoPPE P [(M ,D.g) , D foulREGULAR of step 2]
• orthonormal completed to e

• ADAPTED FRAME { X1 , - - -

,
Xk

,
Xkti

,
- - -

i
Xh } . frame of D frame for TgMlDq

• By := idk
* ,
Bz In -k) square matrix defined with brackets of Shea , . . . ,

⇒ P is volume of parallelsEpe whose edges are Xr . . . .

.
Xn as

elements of grqcD) =Da ⑦TaYpg

looks like a natural extension of Riemannian volume after all !



SUB- RIEMANNIAN VOLUMES

⑦ (Midst ) metric space
→

Hausdorff volume He

→ Spherical Hausdorff volume Sd

② (M
,
D

,g) , D foulREGULAR of steps, MORENTABE
⇒ grofD) = Dq ④Dflp,⑦ - - - ⑦ Doily- i can be endowed w . greeted lie algebra

POPPV0LUME_ Define inner product on each DFID;- I
⇒ inner product on grq CD)

(M
,
D) -P, CnnTo,MT

't ⇒ volume form wq E N grgcD)
*

⇒ transport wq to TqM by coronial
gree f 19

"

isomorphism Oz : A
"

TgM→ Ng re (D)

grogCD) →w (angry CD) )
't

Pg = Wq o Og = Og
't

Coq) Popp volume

⇒ use orientobility to glue PERM)



SUB- RIEMANNIAN VOLUMES
a

• Hausdorff volume H g
On Riemannian (Mig)
these are proportional⑦ (M

,
die ) metric space Is

spherical Hausdorff volume5
to ME

② (M
,D.g) , D foulREGULAR of steps, MORENTABE

PoppvowME_ P ⑥ P is smooth

(M.D,
I

, ante
,
my
*

① On Riemannian manifolds (M ,g) , P peg

gree f fait ② Sub -Riemannian isometries preserve Popp volume

grogCD) -w> (nngrq CD) )
't ③ If i soCM

,
D) eats transitively ⇒ Popp volume is the

only preserved volume
a a

④ P
,
Hands can be related but their nekton

"

is

complicated
"

. . .

EAgrachev , Beriberi , Boshin , 20123



SUB- RIEMANNIAN VOLUMES

Q : Can
you define economical smooth volume form from

a sub -Riemannian structure (M, D , g) ?

⑦ (M
,
d
se ) metric space

→
Hausdorff volume He

→ Spherical Hausdorff volume&

② (M
,
D

, g) equiregular → Popp volume ( if nilpotent approx at different pts
are isometric , qemny )

③ 3D contact → Weyl measure Ws ④ More ?
EY

.

Colin de Verdier
,
Hilbert

,
Trekt

,
2018]

Non-equi regular case or rank -varying case is fully open !



THE SUBLAPLACIAN

From now on : .CM
,
D= span { Xi , .. . ,Xu}, g) sub - Riemannian manifold

•D bracket - generating
• ME Cm) smooth volume on M

⇒ Horizontal GRADIENT (Thf
,
X} = Xff ) XE T (D)

,
fe CM)

⇒ DIVERGENCE ↳ pe = divpelx) re XEVee(M)

The sub - Laplacian (associated with pet is An f = dive(Tht f)



THE SUBLAPLACIAN

From now on : .CM/D=span9Xq...,Xu3,g) sub - Riemannian manifold
•D bracket - generating
• Merton) smooth volume on M

⇒ Horizontal GRADIENT (Raf
,
X>g=XA ) XETCD)

,
fe CM)

⇒ DIVERGENCE ↳ pe=divpeXµ XEVECCM)

The sub - Laplacian (associated with µ) is

Imf = dive#f) =⇐?divnlXilHXi) RH - Eh,XiCHXi
= .IE?XilXilft)tdivrelXi)Xilf)divpeCfXI=XfH+fdivoeX



THE SUBLAPLACIAN

From now on : .CM
,
D --Spanky . . . ,Xu3, g) sub - Riemannian manifold

•D bracket - generating
• Merton) smooth volume on M

⇒ Horizontal GRADIENT 47µF
,
X) = Xff ) XETCD)

,
FE CM)

⇒ DIVERGENCE L×pe=divpeXµ XEVECCM)

The sub - Laplacian (associated with µ) is

Aref = dive#f) =÷?divnlXilHXi) Rtf - II,XiCHXi
= .IE?XilXilft)tdivrelXi)Xilf)divpeCfXI=XfH+fdivoeX

⇒ Are = II. Xi + Xo , Xo -- II. dive#Hi ttormouder type
operator



THE SUBLAPLACIAN I

A = II. Xi + Xo , Xo --÷
,

divnlxilxi
-

DOES NOT

Properties
DEPEND on re

① SnfAg ie = - fulDf ,Dg> re t fig c-GEM)

⇒ D= - II Xi Xi is SYMMETRIC
,
NEGATIVE on G-(M)

② If (M , dsr) complete ⇒ . I is essentially self - adjoint on L
- CM

, m
)

w - domain 67M)

link w .

Stratonovick→ . the heat operator ett has a positive C- Kernel
SDES & theIlievin oud is contractive as semigroupcalculus



SUB - LAPLACIAN S ( EXAMPLES)

• (MTM , g) Riemannian ⇒ A
peg Laplace - Beltrami operator

• Dido (Heisenberg) with Hoar measure from left - invariant group action : pi
-

- dxndyndz

I -- Xi + xi
= ( Ex - Ey⇒

'

+ ( Igt Ix #Y -

- ZE t Ey. + they 's Iza + (x# - y⇒Iz
(modulo " i

"

s and
" K" s this is a magnetic Schrodinger operator on L'CRY

for constant field in z direction)

• Grashin on IR
'

with Grushin metric g=dx2 t # dye ( ALMOST-RIEMANNIAN
NON - EduREGULAR)

⇒ peg = ¥, dxdy and Xi - Zz
, Xz=xZy

⇒ A = Ex + x'Iya - ¥ Ex
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Hausdorff dimension ( TE¥Im%oN)
→
↳
q

(X
,
d ) metric space Beep

⇒ Hausdorff dimension

Q cop
-
- line helmets

/
Eso en e

Ft¥n
'snubthriemmentm.eu?iiiiiemfewsm;D , g,

[Wikimedia Fmddias

s y
> n in sub -Riemannian case

= Ze, j (dim Dig - dim 9

"

)
f

n in Riemannian case



GRUSH IN LAPLACIAN : A MOTIVATING EXAMPLE

Rust's M=lR×x$L with X? 2x , Ytzxrdo and g=dx2+d¥
⇒ geodesic flow is flow of H -- pen + x'PE



GRUSH IN LAPLACIAN : A MOTIVATING EXAMPLE

Rust's M=lR×x$L with and g=dx2+dy
⇒ geodesic flow is flow of H -- PE + x'PE ?inem¥TY

My = dxdo -

singular set S={x=o }
s wheverankD=t

← NOT GEODESICALLY COMPLETE

ON R !

Geodesic front of length L emanatingfrom X = O



GRUSH IN LAPLACIAN : A MOTIVATING EXAMPLE

GRG¥r M=lR×x$L with X? 2x ,

'

H2o and g=dx2+d¥
⇒ geodesic flow is flow of H -- PE + x2pE , Mg =# dxdo

I = 2×2 - ¥ 2x xx225 on L2 (M
, ¥,

dxdo )

-

Vol CM ) is infinitel*.¥⇒l:÷÷E"÷:
SENSE ?

Note : due to the absence of canonical

Efreooomlesxicofront of length L emanating affine connection
, making sense

of curvatures in sub-Riemannian
[Agrader ,Beriberi ,Riteiihd8] setting is active area of research !



GRUSH IN LAPLACIAN : A MOTIVATING EXAMPLE

Rust's M=lR×x$L with X? 2x , Ytzxrdo and g=dx2+d¥
⇒ geodesic flow is flow of H -- pen + x'PE , Mg = dxdo

I = 2×2 - t 2x xx225 on ECM
, ¥,

dxdo )

THEOR.im#cAN-PqS
,
20154-

I :÷÷:÷÷÷÷÷¥¥¥÷÷÷÷¥
.is :S:÷:#in.intNHKIhogt-lr-bg2-IH.io#TIEIeteo/Qx+9z

← fine. www.r.gtgs.i.onwjn
Martinet can



GRUSH IN LAPLACIAN : A MOTIVATING EXAMPLE

IllEEEMCBoscain.PE ,20154-

I :÷÷÷÷÷÷÷÷¥¥÷÷÷÷÷:
:

MH=¥EE+oy
Q : how genveral is

Q :

wth
at is this in general ? e-- this phenomenon ?

what does it measure ?
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SELF-ADJOINTNESS OF DIFFERENTIAL OPERATORS ON MANIFOLDS

CONJECTURE [ Colin de Verolie-re
,

le Bihari
,
2020]

X closed smooth manifold with smooth density pe .
P formally self -adjoint differential operator on CTX) .
The Hamiltonian flow of symbol p ofP is complete

IF AND ONLY IF

P is essentially self - adjoint



SELF-ADJOINTNESS OF DIFFERENTIAL OPERATORS ON MANIFOLDS

CONJECTURE [ Colin deVerdier
,

le Bihari
,
2020]

X closed smooth manifold with smooth density pe .
P formally self -adjoint differential operator on CTX) .
The Hamiltonian flow of symbol p ofP is complete

1FAND0N#F
P is essentially self - adjoint

Some port of this is well known :

• CX
, g
) Riemannian and complete ⇒ I essentially self - adjoint ESA)

• (X ,
D

, g) equiregular sub - Riemannian and complete ⇒ Dp ESA



SELF-ADJOINTNESS OF DIFFERENTIAL OPERATORS ON MANIFOLDS

CONJECTURE [ Colin deVerdier
,

le Bihari
,
2020]

X closed smooth manifold with smooth density pe .
P formally self -adjoint differential operator on CTX) .
The Hamiltonian flow of symbol p ofP is complete

IF AND ONLY IF

P is essentially self - adjoint

True for : a differential operators of dog2 on S
'
+ minor assumptions on

• differential operators of deg A
minipet symbol

" generic Lorentzian lophecions on surfaces

False for almost -Riemannian manifolds ( like our Grashin example)



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

• (M
,
D

, g) complete sub - Riemannian manifold
• ScM smooth embedded comped hypersurface with No CHARACTERISTIC Points

• w smooth measure on M⑦-dsRisRiemenniononRJ
Assume that for some e -o

,
F K> o such that [Proud;Rini ,

Seri 20193

(III)
'

* PI)
'

> Is. - z ar o -see ⑧

S:=
"

inrecutiggeeondenngtine

⇒ Dw with domain 6-(Mls) is essentially self -adjoint on L2(Mls ,
w)

or any of
the connected components of MS .

If this relatively compact ⇒ Swhas compact resolvent ← Fiftywthyink
low .



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

CRUCIAL INGREDIENT OF THE PROOF

•gE@BtBa M
mgfBBa;.

•

EEtEooogEggga@tf
tf

NORMAL TIBERNEIGHBOURHOOD
Riemannian volume
from the Riemannian

Mse E (o,
E) x XE w C - e

,
o ) × Xe y

metric for dsr

Xe --Shake } ⑦ ON Mes
, µ v S

-

dxsmneffstffe

In the use of the picture & of Grushim
for some 231

one can take Xe -- S
.



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

PROOF

-REauRESPnEusEA#fDEEP UNDERSTANDING

Karolyinequality !FEw Agmon-typeesh.me#
Under

,
there exist y ⇐ Yk & CEIR Under⑧

,
if@ holds

,
then HEL C

such that → the only solution of D*w4=EU
is 4=0 .

firmus !!'s. -Etuidw'""
' ⑨ 1¥¥¥E¥¥w4¥I¥¥T

t
for a in a suitable Sobolev space .

⇒ Dw semibounded on CT CM) Self adjointruss criterion [Reed ,
Simon

,
I

-

I]

Since Sw semibounded . Aw is ESA

[Prandi
,
Rizzi

,
Seri

,
6183 if end only if I Eso such that the

[Franceschi
,
Proudi

,
Rizzi

,
20197

only solution of S£4=E4 is 4=-0
.



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

GENERAL CASE is still WIDELY OPEN AND REQUIRES COMPLETELY NEW IDEAS !

Examine M-- IR
'

,
X
,
= ¥ ,

Xz -- x (x'et g) Ey
⇒ S={ x -- o}

,
8=1×1 and peg

=

,
dxdy

• e =/ special : one can explicitly compute Ipe is ESA
• l > I unknown CONJECTURE is that it is ESA

PROBLEM : Mg X S
- d

x smooth measure close to S



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

GENERAL CASE is still WIDELY OPEN AND REQUIRES COMPLETELY NEW IDEAS !

Examine M-- IR
'

,
X
,
= ¥ ,

Xz -- x (x'et g) Ey
⇒ S={ x -- o}

,
8=1×1 and peg

=

,
dxdy

• e =/ special : one can explicitly compute Ipe is ESA
• l > I unknown CONJECTURE is that it is ESA

,
1

Examine MATT, XF Zx ,
X2=0/4,433 , 0/149) -- y - x2

⇒ 5={0/4,41--0} and O tangency point (Doll Tos) .

there fatty -hill .

Here µg=¥µjdxdy and 1=2×2+0225 -102g +2×00-2, is symmetric
but its self - adjointruss is unknown .



SELF-ADJOINTNESS FOR RANK - VARYING SUB - LAPLACIANS

GENERAL CASE is still WIDELY OPEN AND REOUIR.ES?oMPhETELY NEW IDEAS !

Examine MATT, XEZ× , 112=0/6,933 , 0/149) -- y - x2
⇒ 5={0/4,41--0} and O tangency point (Doll Tos)

self - hill

9 ( numerically but notx
L rigorously known

I eweyfrem
5 b

e E Hardy- type results can be
Eid ±

shown#B .

nothing.
.
currently

is it

¥ I

e. E HAVING EXPLICIT FORMULAS
C-

IS NOT ENOUGH IT SEEMS



OUTLINE of PART II

. SPECTRAL GEOMETRY 101

. SUB - LAPLACIANS & THE PROBLEM of SUB- RIEMANNIAN VOLUMES

. GRU SHIN SUB - LAPLACIAN
,
A MOTIVATING EXAMPLE

. THE QUEST FOR ESSENTIAL SELF-ADJOINTNESS

. WEYL'S LAWS & THE REST



SUB - RIEMANNIAN WEYL'S LAW

Mostly open, same for quantum ergodicity !

• EQUI REGULAR CASE : Nlt) ~fY%÷ lmao [Metivier
,
1976]

• GRUSH IN
,
MARTINET 2d [Boscain

,
Proudi

,
Seri

,
20153

•
3D CLOSED MANIFOLDS W

. ORIENTED CONTACT DISTRIBUTION

NG) ~ PCM)
2 ( Colin de Verdier

,
Hilleiret , Tretet , 2018]

-321 ④ Quantum Ergativity for
ergodic Reeb flow

• GD QUASI - CONTACT

way ~
PCM)X5k [Sarek

,
2019]

④ contribution to spectral
support by abnormal geodesics

• SINGULAR SR MANIFOLDS

Fc > o St Is !¥zsc [Chitour
,
Prondi

,
Rizzi ,2d9]



SUB-RIEMANNIAN SPECTRAL GEOMETRY

we have just seen a smell panoramic of some open questions .

The field is extremely joung , there ismuch more to do then whet

you saw today
• 3D CONTACT : are Reeb periods spectral invariants ?
← 5D CONTACT : resonance of two harmonic oscillators ⇒ comet really use

normal form approach
- QUANNM ERGOINcity : mostly open even in low

dimensional examples (Martinet)

. GNTROLABIUM & OBSERVABIUTY of subeHiptic heat & wave equations i

also mostly open

*

- a o



Thanks !


